Implications for the electron distribution from the stationary hydrodynamic model of a one-dimensional plasma expansion into vacuum Phys. Plasmas 19, 102101 (2012) Magneto-modulational instability in Kappa distributed plasmas with self-generated magnetic fields Phys. Plasmas 19, 092114 (2012) Langmuir probe diagnostics of an atmospheric pressure, vortex-stabilized nitrogen plasma jet J. Appl. Phys. 112, 063302 (2012) Kinetic theory of magnetized dusty plasmas with dust particles charged by collisional processes and by photoionization Phys. The Euler-Lagrange equations for a charged particle in a tokamak magnetic.fieid, in the limit of large aspect ratio, are obtained in terms of toroidal coordinates ( r,B,#,i;B,b) from the exact Lagrangian, which is expressed in terms of the toroidal and poloidal magnetic fluxes. It differs fundamentally from the standard guiding-center approach, where the local magnetic-field direction defines a spatial axis, and where there is no direct link between the velocity coordinates and the time derivatives of the spatial coordinates, so that application to the particular magnetic geometry of the tokamak is often difhcult. In contrast, the tokamak magnetic field is specified at the outset in the present approach. For example, cyclotron motion in the combined poloidal and toroidal fields appears as a iibration in real space, superimposed on motion composed of linear nonoscillatory and averaged quadratic oscillatory terms. The primary application that is considered concerns the plasma response to high-frequency waves, using both cold plasma and kinetic treatments. A kinetic expression for cyclotron resonance is obtained that agrees with the gyrokinetic result [see, for example, C. N. Lashmore-Davies and R. 0. Dendy, Phys. Fluids B 1, 1565 ( 1989) and references therein], which differs from the standard expression.
I. INTRODUCTION
There is at present considerable interest in the development of Lagrangian and Hamiltonian theories of chargedparticle motion in spatially inhomogeneous magnetic fields; see, for example, Refs. l-10. The majority of these approaches share two common features. First, the local direction of the magnetic field defines one of the spatial coordinate axes. Second, in the guiding-center system of coordinates that is usually employed, there is a dichotomy between the spatial and velocity coordinates. The three spatial coordinates are used to describe the position of the guiding center, while two of the velocity coordinates are used to describe the rapid cyclotron gyration; thus there is no close link between the velocity coordinates and the time derivatives of the spatial coordinates. The guiding-center approach permits a generalized treatment of charged-particle dynamics that is not specific to a particular magnetic-field geometry. Conversely, the ultimate application of such theories to, for example, tokamak geometry is often a complex exercise. adopt a Lagrangian approach so that the velocity coordinates employed are simply the time derivatives of the spatial coordinates. Thus, for example, the cyclotron gyration of the charged particle will be described entirely in terms of the laboratory coordinates. It appears as a fast time scale libration in (r,@,t,5), superimposed on the nonoscillatory motion.
We shall consider the tokamak magnetic field in the limit of large aspect ratio, so that the poloidal cross section of the magnetic-flux surfaces is circular; see, for example, Ref. 1 I. This limit is taken in the interests of analytical tractability, but it should be noted that features such as "dee-ness," triangularity, and the Shafranov shift are omitted.
In this paper, we shall explore a different approach. The study of tokamak plasmas takes place within the framework of a magnetic field whose lines of force are helices wound around toroidal surfaces and, with this application in mind, we shall specialize to tokamak field geometry from the outset. Particle motion will be described in terms of the laboratory toroidal coordinates (r,8,4) : r denotes the distance from the magnetic axis, which is located at a distance R, from the axis of symmetry, 19 denotes poloidal angle, and 4 denotes toroidal angle. The corresponding element of length ds satisfies
The plan of the paper is as follows. In Sec. Ii, we write down the Lagrangian of a charged particle in a tokamak magnetic field using toroidal coordinates, and the resulting Euler-Lagrange equations are divided into oscillatory and nonoscillatory parts, where the latter include averages of quadratic oscillatory terms. The effect of perturbing wave fields is described in terms of the cold plasma dielectric tensor in toroidal geometry, which is calculated in Sec. III. In Sec. IV, we exploit the simple formulation of the Vlasov equation in Lagrangian coordinates to examine the kinetic cyclotron resonance condition without the explicit use of guiding-center coordinates. We find agreement with the gyrokinetic resonance condition obtained in Kefs. 12-15, which differs from the "standard" condition. Our conclusions are given in Sec. V.
II. CHARGED-PARTICLE DYNAMICS IN TOROIDAL GEOMETRY
ds*=d?+rZde*f (R,+rcos@)"dq5".
The motion of a particle of unit mass and charge -e in
We note that while the coordinates (r,B,$) are appropriate a tokamak magnetic field, in the limit of large aspect ratio, to the laboratory, in a tokamak the magnetic field is nowhere with an electrostatic potential Valso present, is governed by parallel to any of these coordinates. Furthermore, we shall the toroidal coordinate Lagrangian L = hi2 + $?b* -t $(Ro f rcos e)*Jl
In Eq. (2)) the first three terms describe the particle kinetic energy. 
when applied to the Lagrangian of Eq. (2)) yield the evolution equations av -e--=0, ar
+rsinB(R,+rcosf@-eg=O,
In Eqs. (4)- ( 6) Wr,e) = +-$ y&,f%.
Equation (7) is identical to the definition of the poloidal field in the large-aspect-ratio limit given by Eq. Once we have made the identifications Eqs. (7) and (8) 
Substituting Eqs. (7) and (8) into Eqs. (9) and (lo), respectively, ap(r) = y,(r),
@T ( 
Returning to, for example, Eq. (4)) the remaining terms can be identified physically as follows: r6 2 is the radial centrifugal force associated with poloidal motion; cos B(R, + r cos 13)p is the radial comnonent of the centrifugal force associated with toroidal motion; and the final term describes the radial electric-field force. Because of the wide disparity in characteristic time scale between cyclotron motion and drift motion, we shall adopt a two-time scale approach. We write r = r. + r, + rf, 6 = 0, + Of, 4 = 4, + (pr (13) Here, rg, gro, which is a constant corresponding to the average distance of the particle from the magnetic axis, and the subscripts f and s refer to rapidly oscillatory and nonoscillatory terms, respectively. Thus (c$~) = 0 but (4,) J-0, where ( ) denotes the slow time scale average. For convenience, we shall assume that the electrostatic potential V is sufficiently weak that it does not perturb the fast time scale motion; that is, recognizable cyclotron orbits exist. Let us now consider the oscillatory motion, which is described by the terms in Eqs. (4)- ( 6) (14) (15) (16) Referring to Eqs. (7) and ( 8) 
roe, -f&i, = 0,
(Ro+rocos8S)~f+~,kf=0.
This system of equations can be integrated, noting that the secular terms generated by constants of integration (which of course describe the thermal motion parallel to the magnetic field) have nonzero slow time scale averages, and therefore belong in 19, and 4, rather than in 15, and (br. It is also convenient to define n(roJ%) = [Q~(ro,6,) + ~Z,(ro,~s)]"2, (22) which is the cyclotron frequency proportional to the total magnetic-field strength. We then have the following solutions to Eqs. (19)- (21): rf=ia,exp( -ifit) + c.c. = la,Isin(Rt + a), (23) 
+rrcose exp( -ifit) + c.c., 00 s (25) where a, is an undetermined slowly varying quantity (ci, g Qa, ) and C.C. denotes the complex conjugate. Equations (23)- ( 25) describe the cyclotron motion ofthecharged particle as a fast time scale hbration in the laboratory coordinates (r,6,#). Physically, la, 1 is the Larmor radius in the total magnetic field. By Eqs. ( 18) and ( 19)) Iar 1" is equal to the sum of the squares of the maximum poloidal displacement ro16,(max) 1 and the maximum toroidal displacement (R, + r, cos 6, ) I#f(max) f. We note also that the poloidal and toroidal Iibrations are out of phase with the radial libration by r/2 and -r/2, respectively. Next, we consider the slow time scale equations of motion that follow from Eqs. (4)-( 6). These include both the derivatives of slow time scale quantities, and the slow time scale averages (denoted by ( ) ) of quadratic oscillatory terms. From Eqs. (23)- (25), we note that (r+f) = - (ifef) = R,ta,1*/2ro,
&&) = -(9Af) = -C$(a,}2/2(Ro -I-r, cos e,),
<a;> = RZ,la,j2/2~,
<$> = fl~(a,12/(Ro + r, cos 6,)".
Physically, it is convenient to define quantities
which are proportional to the toroidal and poloidal magnetic fluxes through the fast time scale orbit of the particle.
The slow time scale radial equation of motion that follows from Eq. (4) is Fs -rob,2 -r,(B;)e, -cos 6, (R, + r. cos 6, @f r,,,@,
The terms that we have neglected, for example -28, (r,h,) , are small compared to the terms that we have retained by the ratio of the fast to the slow time scale, or of r, tar,. Using Eqs. (26) and (28) 
Similarly, using Eqs. (27), (29), (17), and (7) 
The terms appearing here are the radial components of the following forces: the centrifugal forces associated with combined drift and parallel thermal motion; the ,uVB force, which here appears as pTVBT + ,upVB,, since B does not define a coordinate axis; the Lorentz force associated with drift motion; and the electric field. We note that by Eqs. (32) and (33), the ,uVB force includes two distinct physical effects, First, there is the change in magnetic-field strength experienced by the particle as it undergoes fast time scale libration in (r,6,4). Second, there is the slow time scaleaveraged effect of the centrifugal forces that arise from the fact that this libration occurs in a curved, tokamak magnetic field. The equilibrium drift velocities (discussed, for example, in Refs. 16 and 17) are obtained from the radial force relation (36) when we require the radial acceleration away from the magnetic axis to vanish. Multiplying terms in Eq. •I-B2 ' Jr r,,.e,r, = -e rS'
Then, setting ?* = 0, the vanishing of the coefficients in curly brackets gives the formulas for the equilibrium poloidal and toroidal ,LLVB XB, EXB, and curvature drift velocities.
These are expressed in toroidal (r,B,qb) coordinates for a tokamak magnetic field. To the extent that us and v+ differ from their equilibrium values, the associated Lorentz force gives rise to radial acceleration. Now let us consider the slow time scale poloidal equation of motion that follows from Eq. (5). We have, to leading order 
Equations (39) and (41) illustrate the relation between slow time poloidal and toroidal acceleration, radial drift, and the forces that produce them. First, we may consistently set
dt dt ' \ , since the component terms involve factors such as ds (r@,-) that have been neglected elsewhere; see, for example, the discussion of Eq. (3 1). Next, we turn to the case where the charged particle remains on the magnetic surface, with ks = 0 since the poloidal cross section of the surface is circular in the limit of large aspect ratio considered here. Then the terms in Eq. (33) are, respectively, the poloidal components of the centrifugal force associated with toroidal drift motion; the ,uVB force, which involves ,u~VB, and ppVBp, as we discussed after Eq. (30); and the electric field. Equation (35) is simpler, as neither the centrifugal nor thepVB forces possess a toroidal component. When i; #O, so that the particle drifts radially across magnetic surfaces, the terms in Eqs.
(39) and (41) Let us now continue our direct approach to toroidal geometry by calculating the local cold plasma dielectric tensor elements. These can be obtained very simply, with respect to laboratory (r,O,q5) toroidal coordinates, using the fast time scale equations of motion that follow from Eqs. (4) and (6). A fast time scale electric field gives rise to terms on the right-hand side of Eqs. ( 19)- ( 21) as follows:
?,-+ sZ,r,~, -Clp (R, + r, cos O,)C$~ = -eE,, (43) roaf -a,$. = -eE,, (44) (Ro+rocos~S)~,-+flp~f= -eE,.
(45) We recall that these equations describe small-amplitude excursions in real laboratory space, and we shall neglect any spatial variation of the electric field on this length scale. It is convenient to write (47) Here C.C. again denotes the complex conjugate and w is the fixed frequency of the applied fast time scale electric field.
In general, the solutions of Eqs. (43)- ( 45) are a combination of the general solution of the homogeneous systemwhich, we have already seen, corresponds to cyclotron motion, with an undetermined coefficient corresponding to the Larmor radius-and the particular integral. In the cold plasma limit, the Larmor radius tends to zero, and we need only consider the particular integral. Thus, substituting Eqs. (46) and (47) into Eqs. (43)- (45) Now for particles with equilibrium number density no, the fast time scale current corresponding to this displacement has amplitude (i,, je,j4 1 = iwn,e(a,,a,,a, 1. (48)) and defining the plasma frequencurl B = ( -iw/c)e*E, e = I -&,M, (51) cy up = (4nn,e2) "2, it follows that ( j,, j,, j,) = (i&/LCr)wzM*E. (50) where I is the identity matrix. Determination of the cold plasma dielectric tensor E therefore requires simply the in- for the local cold plasma dielectric tensor in laboratory (r,6,#) coordinates. The cyclotron frequencies a,, $, and fl are given by Eqs. (17), (18), and (22). We note that the derivation of E in toroidal coordinates from the toroidal fast time scale equations of motion, Eqs. (43)- ( 45)) is very rapid. Using standard guiding-center theory, the derivation would be somewhat different. First, the dielectric tensor would be calculated from the fast time scale equations of motion with respect to local Cartesian coordinates, with the z-coordinate axis oriented along the magnetic-field direction. Next, the dielectric tensor would be preand postmultiplied by P-' and P, respectively, where It was noted in the Introduction that we have chosen a set of coordinates that differs from those usually employed in plasma theory, in that the velocity coordinates are simply the time derivatives of the position coordinates.The Vlasov equation for a distribution function f (r,&,b,i-,6&) can thus be written $;+j3+&&+$!t a4
In the presence of a wave field, we may as usual divide f into an equilibrium part f, and a component f, which is due to wave-driven perturbations. Linearizing Eq. (54)) we obtain 4 _ . . gi dfo ( ';51;-rlfJ dk " so ++, a4 (55) where d /dt ' denotes the time der$at$e following the equiIibrium particle motion, and ( Fw, 6,) 4, ) denote wave-driven accelerations. We assume that the equilibrium is sufficiently homogeneous in space that terms such as i;, c7fo/& (43)- ( 45) that, on the right-hand side of Eq. (55), we shall need to calculate the phase of the wave field at points on the equilibrium particle orbit. For a single-mode approach, with wave vector (k,,k,,k* ), this quantity is defined by
where the equilibrium orbit follows from Eqs. (23)- ( 25) :
e=e,+8,(t'-t)+ % I4 --cos(fbr' + a), fi r. (58) 4=s6, +&W-t) n -2 l&l 0 (Ro-t-rocos~,) cos(m' + a).
Our aim in the remainder of this section is to deduce the kinetic cyclotron resonance condition from the expressions above. In doing this, we shall not encounter one of the main features of most treatments of cyclotron resonance, namely the transformation between guiding-center coordinates and real space, which remains an active topic of research in this area. Indeed, Littlejohn' has pointed out that the principal difficulty in gyrokinetic theory is in transforming the kinetic equation to phase-space coordinates. The present approach sidesteps this problem, since we have remained in real-space coordinates throughout, and the equilibrium cyclotron motion is expressed in these coordinates, rather than in guidingcenter coordinates. it follows from Eqs. (56)-( 59) that the wave phase can be written 
Y,(t'> = k,Ja,Jsin(Rt' + a) + kTla,Icos(Slt' + a), (63) k, = (k&-L, -k&,)/Q. (64) Note that the rapidly oscillating term q,(t ') involves the two components of the wave vector that are perpendicular to the magnetic field, which lies in the (Q,#) plane: these are the radial component k,, and the transverse component k, which lies in the (0,d) plane perpendicular to the field. It is convenient to define k 1 = (k* + k2,)"' p = tan"(k,/k,),' (65) (66) so that ,Y = 0 corresponds to a purely radial wave. Next, we define r=t '-t, and recall the standard identity (67) exp(iasin6) = 2 J,(a)exp(in@. "= -co (68) Combining Eqs. (63), (64), and (66), we may write
and using Eq. (68) (72) This is the cyclotron resonance condition. As we have seen in Sec. II, the velocities that multiply the components of the wave vector describe the combined drift and parallel thermal motion. In Eq. (72)) the value of R is that defined by Eq. (22) for the equilibrium particle orbit, given by Eqs. (23)- (25)) that we have used. Thus fi = fi (r&J, ) is the cyclotron frequency evaluated at the point about which fast time scale libration occurs, which is of course the guiding center. The remaining terms in the resonant denominator of Eq. (72) are the wave frequency w, and terms associated with nonoscillatory velocities, corresponding to Doppler and drift effects.
We conclude that the cyclotron resonance condition in a tokamak magnetic field given by the present Lagrangian kinetic approach agrees with the conditionL2 that is obtained using gyrokinetic theory. '3-'5 This condition differs from the "standard" version in that the cyclotron frequency is evaluated at the guiding-center position, rather than the particle position. In the gyrokinetic approach, the linearized perturbations are calculated in guiding-center coordinates, and there is a subsequent transformation back to real space. The present treatment involves no such transformation, since the particle motion in the inhomogeneous magnetic field is followed in real space throughout. It is encouraging that these distinct approaches agree on the cyclotron resonance condition.
V. CONCLUSIONS
The Lagrangian approach described in this paper permits direct analytical particle-following in real space for a tokamak magnetic field in the limit of large aspect ratio. It differs from the usual guiding-center approach in two ways. First, because of the specific choice of magnetic field and coordinate system, it is possible to deal explicitly with the tokamak field from the outset. Second, because Lagrangian velocity coordinates-that is, time derivatives of spatial coordinates-are used, the Vlasov equation takes a particularly simple form. As a result, it has been possible to examine the kinetic cyclotron resonance condition from a direct particle-following point of view, and obtain confirmation of the gyrokinetic condition previously obtained in Refs. 12-15.
